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Abstract
A new type of combinations of Bernstein operators is given in [11]. Here, we introduce
another one, which can be used to approximate the functions with singularities. The direct
and inverse results of the weighted approximation of this new type combinations are given.
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1 Introduction
The present work continues to study modified Bernstein operators following [11]. Here, the
notations are referred to [11]. For convenience, these notations will be listed. The set of all
continuous functions, defined on the interval I, is denoted by C(I). For any f ∈ C([0, 1]),
the corresponding Bernstein operators are defined as follows:
Bn(f, x) :=
n∑
k=0
f(
k
n
)pnk(x),
where
pnk(x) :=
(
n
k
)
xk(1− x)n−k, k = 0, 1, 2, . . . , n, x ∈ [0, 1].
Approximation properties of Bernstein operators have been studied very well (see [2], [3],
[5]-[8], [12]-[14], for example). In order to approximate the functions with singularities, Della
Vecchia et al. [3] and Yu-Zhao [12] introduced some kinds of modified Bernstein operators.
Let
w¯(x) = |x− ξ|α, 0 < ξ < 1, α > 0,
and
Cw¯ := {f ∈ C([0, 1] \ ξ) : lim
x−→ξ
(w¯f)(x) = 0}.
∗Corresponding author. Address: Department of Mathematics, Zhejiang University, Hangzhou 310027,
PR China. E-mail address: linyz@zju.edu.cn(L.-Zhang);lu wenming@163.com(W.-Lu).
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The norm in Cw¯ is defined as ‖f‖Cw¯ := ‖w¯f‖ = sup
06x61
|(w¯f)(x)|. Define
W rw¯ := {f ∈ Cw¯ : f (r−1) ∈ A.C.((0, 1)), ‖w¯ϕrf (r)‖ <∞}.
For f ∈ Cw¯, define the weighted modulus of smoothness by
ωrϕ(f, t)w¯ := sup
0<h6t
{‖w¯△rhϕf‖[16h2,1−16h2] + ‖w¯
−→△rhf‖[0,16h2] + ‖w¯
←−△rhf‖[1−16h2,1]},
where
∆rhϕf(x) =
r∑
k=0
(−1)k
(
r
k
)
f(x+ (
r
2
− k)hϕ(x)),
−→
∆rhf(x) =
r∑
k=0
(−1)k
(
r
k
)
f(x+ (r − k)h),
←−
∆rhf(x) =
r∑
k=0
(−1)k
(
r
k
)
f(x− kh),
and ϕ(x) =
√
x(1− x). The weighted K-function is given by
Kr,ϕ(f, t
r)w¯ := inf
g
{‖w¯(f − g)‖ + tr‖w¯ϕrg(r)‖ : g ∈W rw¯}.
It was shown in [5] that Kϕ(f, t
r)w¯ ∼ ω
r
ϕ(f, t)w¯. Della Vecchia et al. firstly introduced
B∗n(f, x) and B¯n(f, x) in [3], where the properties of B∗n(f, x) and B¯n(f, x) are studied.
Among others, they prove that
‖w(f −B∗n(f))‖ 6 Cω2ϕ(f, n−1/2), f ∈ Cw,
‖w¯(f − B¯n(f))‖ 6 C
n3/2
[
√
n]∑
k=1
k2ω2ϕ(f,
1
k
)∗w¯, f ∈ Cw¯,
where w(x) = xα(1 − x)β, α, β > 0, α + β > 0, 0 6 x 6 1. In [11], for any α, β > 0, n >
2r + α+ β, there hold
‖wB∗n,r(f)‖ 6 C‖wf‖, f ∈ Cw,
‖w(B∗n,r(f)− f)‖ 6
{
C
nr (‖wf‖+ ‖wϕ2rf (2r)‖), f ∈W 2rw ,
C(ω2rϕ (f, n
−1/2)w + n−r‖wf‖), f ∈ Cw,
‖wϕ2rB∗(2r)n,r (f)‖ 6
{
Cnr‖wf‖, f ∈ Cw,
C(‖wf‖+ ‖wϕ2rf (2r)‖), f ∈W 2rw .
and for 0 < γ < 2r,
‖w(B∗n,r(f)− f)‖ = O(n−γ/2)⇐⇒ ω2rϕ (f, t)w = O(tr).
On the other hand, since the Bernstein polynomials cannot be used for the investigation of
higher orders of smoothness, Butzer [1] introduced the combinations of Bernstein polynomials
which have higher orders of approximation. Ditzian and Totik [5] extended this method of
combinations and defined the following combinations of Bernstein operators:
Bn,r(f, x) :=
r−1∑
i=0
Ci(n)Bni(f, x) (1.1)
2
with the conditions
(a)n = n0 < n1 < · · · < nr−1 6 Cn,
(b)
∑r−1
i=0 |Ci(n)| 6 C,
(c)
∑r−1
i=0 Ci(n) = 1,
(d)
∑r−1
i=0 Ci(n)n
−k
i = 0, for k = 1, . . . , r − 1.
Some approximation behaviors of the operators defined as (1.1) can be found in [4]-[6], [9]
and [10]. For example, Ditzian and Totik [5] showed that
‖Bn,r(f)− f‖ 6 C(ω2rϕ (f, n−1/2) + n−r‖f‖),
and for 0 < α < 2r,
‖Bn,r(f)− f‖ = O(n−α/2)⇐⇒ ω2rϕ (f, n−1/2) = O(tα),
where ω2rϕ (f, t) is the modulus of smoothness with the step-weight function ϕ(x), and ‖f‖ =
‖f‖C([0,1]).
The main purpose of the present paper is to give another new type of combinations of
Bernstein operators (combinations defined as (1.1) cannot be used to approximate functions
in Cw¯) so as to obtain higher approximation order. In Section 2, we will give the new type of
combinations, and the direct and inverse results of the weighted approximation by the new
type of combinations. Some lemmas will be given in Section 3, while the proofs of the results
will be given in Section 4. Throughout the paper, C denotes a positive constant independent
of n and x, which may be different in different cases.
2 The main results
For any positive integer r, we consider the determinant
Ar :=
∣∣∣∣∣∣∣∣∣∣∣
1 1 1 · · · 1
2r + 1 2r + 2 2r + 3 · · · 4r + 1
(2r)(2r + 1) (2r + 1)(2r + 2) (2r + 2)(2r + 3) · · · (4r)(4r + 1)
· · · · · · · · · . . . · · ·
2 · · · (2r + 1) 3 · · · (2r + 2) 4 · · · (2r + 3) · · · (2r + 2) · · · (4r + 1)
∣∣∣∣∣∣∣∣∣∣∣
.
We obtain Ar =
∏2r
j=2 j!. Thus, there is a unique solution for the system of nonhomogeneous
linear equations:


a1 + a2 + · · · + a2r+1 = 1,
(2r + 1)a1 + (2r + 2)a2 + · · · + (4r + 1)a2r+1 = 0,
(2r + 1)(2r)a1 + (2r + 1)(2r + 2)a2 + · · · + (4r)(4r + 1)a2r+1 = 0,
...
(2r + 1)!a1 + 3 · · · (2r + 2)a2 + · · · + (2r + 2) · · · (4r + 1)a2r+1 = 0.
(2.1)
Let
ψ(x) =


a1x
2r+1 + a2x
2r+2 + · · ·+ a2r+1x4r+1, 0 < x < 1,
0, x 6 0,
1, x = 1.
with the coefficients a1, a2, · · · , a2r+1 satisfying (2.1). From (2.1), we see that ψ(x) ∈
C(2r)(−∞,+∞), 0 6 ψ(x) 6 1 for 0 6 x 6 1. Moreover, it holds that ψ(1) = 1, ψ(i)(0) =
3
0, i = 0, 1, · · · , 2r. and ψ(i)(1) = 0, i = 1, 2, · · · , 2r.
Let
H(f, x) :=
r+1∑
i=1
f(xi)li(x),
and
li(x) :=
∏r+1
j=1,j 6=i(x− xj)∏r+1
j=1,j 6=i(xi − xj)
, xi =
[nξ − ((r − 1)/2 + i)]
n
, i = 1, 2, · · · r + 1.
Further, let
x
′
1 =
[nξ − 2√n]
n
, x
′
2 =
[nξ −√n]
n
, x
′
3 =
[nξ +
√
n]
n
, x
′
4 =
[nξ + 2
√
n]
n
,
and
ψ¯1(x) = ψ(
x− x′1
x
′
2 − x′1
), ψ¯2(x) = ψ(
x− x′3
x
′
4 − x′3
).
Set
F¯n(f, x) := F¯n(x) = f(x)(1− ψ¯1(x) + ψ¯2(x)) + ψ¯1(x)(1 − ψ¯2(x))H(x).
We have
F¯n(f, x) =


f(x), x ∈ [0, xr−5/2] ∪ [xr+3/2, 1],
f(x)(1− ψ¯1(x)) + ψ¯1(x)H(x), x ∈ [xr−5/2, xr−3/2],
H(x), x ∈ [xr−3/2, xr+1/2],
H(x)(1− ψ¯2(x)) + ψ¯2(x)f(x), x ∈ [xr+1/2, xr+3/2].
Obviously, F¯n(f, x) is linear, reproduces polynomials of degree r, and F¯n(f, x) ∈ C(2r)([0, 1]),
provided that f ∈ C(2r)([0, 1]).
Now, we can define our new combinations of Bernstein operators as follows:
B¯n,r(f, x) := Bn,r(F¯n, x) =
r−1∑
i=0
Ci(n)Bni(F¯n, x),
where Ci(n) satisfy the conditions (a)-(d). Our main result is the following:
Theorem. For any α > 0, 0 6 λ 6 1, we have
‖w¯B¯(2r)n,r (f)‖ 6 Cn2r‖w¯f‖, f ∈W 2rw¯ , (2.2)
|w¯(x)ϕ2rλ(x)B¯(2r)n,r (f, x)| 6
{
Cnr{max{nr(1−λ), ϕ2r(λ−1)}}‖w¯f‖, f ∈ Cw¯,
C(‖w¯f‖+ ‖w¯ϕ2rλf (2r)‖), f ∈W 2rw¯ ,
(2.3)
‖w¯B¯n,r(f)‖ 6 C‖w¯f‖, f ∈ Cw¯, (2.4)
‖w¯(B¯n,r(f)− f)‖ 6
{
C
nr (‖w¯f‖+ ‖w¯ϕ2rf (2r)‖), f ∈W 2rw¯ ,
C(ω2rϕ (f, n
−1/2)w¯ + n−r‖w¯f‖), f ∈ Cw¯, (2.5)
and for 0 < γ < 2r,
‖w¯(B¯n,r(f)− f)‖ = O(n−γ/2)⇐⇒ ω2rϕ (f, t)w¯ = O(tr). (2.6)
4
3 Lemmas
Lemma 1.([13]) For any non-negative real u and v, we have
n−1∑
k=1
(
k
n
)−u(1− k
n
)−vpnk(x) 6 Cx−u(1− x)−v. (3.1)
Lemma 2. For any positive real α, and f ∈W 2rw¯ , we have
‖w¯ϕ2r−2jf (2r−j)‖ 6 C(‖w¯f‖+ ‖w¯ϕ2rf (2r)‖). (3.2)
Proof. Case 1. ξ ∈ [0, 14 ] ∪ [34 , 1]. It follows from Kolmogolov’s inequality that
|f (2r−j)(1
2
)| 6 C(‖f‖[1/4,3/4] + ‖f (2r)‖[1/4,3/4]),
Moreover,
|f (2r−j)(1
2
)| 6 C(‖w¯f‖[1/4,3/4] + ‖w¯ϕ2rf (2r)‖[1/4,3/4]). (3.3)
When 0 6 x 6 12 , u between x and
k
n , we have
|k/n−u|r−1
w¯(u) 6
|k/n−x|r−1
w¯(x) , then
|f (2r−j)(x)− f (2r−j)(1
2
)| 6
∫ 1
2
x
|f (2r−j+1)(u)|du
6 C‖w¯ϕ2r−2j+2f (2r−j+1)‖
∫ 1
2
x
du
w¯(u)ϕ2r−2j+2(u)
= C‖w¯ϕ2r−2j+2f (2r−j+1)‖
∫ 1
2
x
|k/n − u|r−1du
|k/n − u|r−1w¯(u)ϕ2r−2j+2(u)
6 C‖w¯ϕ2r−2j+2f (2r−j+1)‖(
∫ 1
2
x
|k/n− u|r−1du
|k/n − x|r−1w¯(u)ϕ2r−2j+2(u)
+
∫ 1
2
x
|k/n − u|r−1du
|k/n − 1/2|r−1w¯(u)ϕ2r−2j+2(u) )
6 C‖w¯ϕ2r−2j+2f (2r−j+1)‖x
−r+j
w¯(x)
,
which, together with (3.3), gives that
|w¯(x)ϕ2r−2j(x)f (2r−j)(x)| 6 C(‖w¯ϕ2r−2j+2f (2r−j+1)‖+ ‖w¯f‖+ ‖w¯ϕ2rf (2r)‖).
Similarly, we can prove that the above inequality also holds when 1/2 < x 6 1. Therefore,
we obtain that
|w¯(x)ϕ2r−2j(x)f (2r−j)(x)| 6 C(‖w¯ϕ2r−2j+2f (2r−j+1)‖+ ‖w¯f‖+ ‖w¯ϕ2rf (2r)‖). (3.4)
Now, the result follows from (3.4) when j = 1, and thus the result can be deduced from (3.4)
by induction when 1 < j 6 r.
Case 2. ξ ∈ [14 , 34 ] ∪ {12}. The situation goes similarly.
Lemma 3. For any f ∈W 2rw¯ , we have
‖w¯(f −H)‖[xr−5/2,xr+3/2] 6
C
nr
(‖w¯f‖+ ‖w¯ϕ2rf (2r)‖). (3.5)
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Proof. By Taylor expansion, we have
f(xi) =
r∑
u=0
(xi − x)u
u!
f (u)(x) +
1
r!
∫ xi
x
(xi − s)rf (r+1)(s)ds, (3.6)
It follows from (3.6) and the identity
r+1∑
i=1
xvi li(x) = x
v, v = 0, 1, . . . , r.
we have
H(f, x) =
r∑
i=0
r∑
u=0
(xi − x)u
u!
f (u)(x)li(x) +
1
r!
r+1∑
i=1
li(x)
∫ xi
x
(xi − s)rf (r+1)(s)ds
= f(x) +
r∑
u=1
f (u)(x)(
u∑
v=0
Cvu(−x)u−v
r∑
i=1
xvi li(x))
+
1
r!
r+1∑
i=1
li(x)
∫ xi
x
(xi − s)rf (r+1)(s)ds,
which implies that
w¯(x)|f(x)−H(f, x)| = 1
r!
w¯(x)
r+1∑
i=1
li(x)
∫ xi
x
(xi − s)rf (r+1)(s)ds,
since |li(x)| 6 C for x ∈ [0, 1n ], i = 1, 2, · · · , r + 1.
It follows from |xi−s|
r−1
w¯(s) 6
|xi−x|r−1
w¯(x) , s between xi and x, then
w¯(x)|f(x)−H(f, x)| = C w¯(x)
nr
r+1∑
i=1
∫ xi
x
|f (r+1)(s)|ds
6 C
w¯(x)
nr
‖w¯ϕ2f (r+1)‖
r+1∑
i=1
∫ xi
x
|w¯−1(s)ϕ−2(s)ds|
6
C
nr
‖w¯ϕ2f (r+1)‖.
which, together with (3.2) (when j = r − 1) implies (3.5).
Lemma 4. For any f ∈W 2rw¯ and α > 0, we have
‖w¯ϕ2rF¯ (2r)n ‖ 6 C(‖w¯ϕ2rf (2r)‖+ ‖w¯f‖). (3.7)
Proof. We only prove the above result when x ∈ [xr−5/2, xr−3/2], the others can be done
similarly. Obviously,
|F¯ (2r)n (x)| = |(H(x) + ψ¯1(x)(f(x)−H(x))(2r)|
= |
2r∑
i=0
Ci2r(ψ¯1(x))
(i)(f(x)−H(x))(2r−i)|
6 C
2r∑
i=0
n
i
2 |(f(x)−H(x))(2r−i)|
6
If 2r − i > r + 1, using (3.2), then
|w¯(x)ϕ2r(x)(f(x)−H(x))(2r−i)| = |w¯(x)ϕ2r−2i(x)f (2r−i)(x)| · ϕ2i(x)
6 Cn−i(‖w¯ϕ2rf (2r)‖+ ‖w¯f‖).
If 0 < 2r − i < r + 1, by the following well-known inequality
‖g(j)‖ 6 C((d− c)−j‖g‖[c,d] + (d− c)(2r−j)‖g(2r)‖[c,d]), 0 < j < 2r,
we get
|w¯(x)ϕ2r(x)(f(x)−H(x))(2r−i)|
6 Cw¯(x)ϕ2r(x)(n2r−i‖f −H‖[xr−5/2,xr−3/2] + n−i‖f (2r)‖[xr−5/2,xr−3/2])
6 C(nr−i‖w¯(f −H)‖[xr−5/2,xr−3/2] + n−i‖w¯ϕ2rf (2r)‖[xr−5/2,xr−3/2])
6 Cn−i(‖w¯ϕ2rf (2r)‖+ ‖w¯f‖).
If i = 2r, by (3.5), we have
|w¯(x)ϕ2r(x)(f(x)−H(x))(2r−i)| = |w¯(x)ϕ2r(x)(f(x)−H(x))|
6 Cn−2r(‖w¯ϕ2rf (2r)‖+ ‖w¯f‖).
Now the lemma follows from bringing these results together.
Lemma 5. Let An(x) := w¯(x)
∑
|k−nξ|6√n
pn,k(x). Then An(x) 6 Cn
−α/2 for 0 < ξ < 1
and α > 0.
Proof. If |x − ξ| 6 3√
n
, then the statement is trivial. Hence assume 0 6 x 6 ξ − 3√
n
(the case ξ + 3√
n
6 x 6 1 can be treated similarly). Then for a fixed x the maximum of
pn,k(x) is attained for k = kn := [nξ −
√
n]. By using Stirling’s formula, we get
pn,kn(x) 6 C
(ne )
n√nxkn(1− x)n−kn
(kne )
kn
√
kn(
n−kn
e )
n−kn√n− kn
6
C√
n
(
nx
kn
)kn(
n(1− x)
n− kn )
n−kn
=
C√
n
(1− kn − nx
kn
)kn(1 +
kn − nx
n− kn )
n−kn .
Now from the inequalities
kn − nx = [nξ −
√
n]− nx > n(ξ − x)−√n− 1 > 1
2
n(ξ − x),
and
1− u 6 e−u− 12u2 , 1 + u 6 eu, u > 0.
We have that the second inequality is valid. To prove the first one we consider the function
λ(u) = e−u−
1
2
u2 + u − 1. Here λ(0) = 0, λ′(u) = −(1 + u)e−u− 12u2 + 1, λ′(0) = 0, λ′′(u) =
u(u+ 2)e−u−
1
2
u2
> 0, whence λ(u) > 0 for u > 0. Hence
pn,kn(x) 6
C√
n
exp{kn[−kn − nx
kn
− 1
2
(
kn − nx
kn
)2] + kn − nx}
=
C√
n
exp{(kn − nx)
2
2kn
} 6 e−Cn(ξ−x)2 .
7
Thus An(x) 6 C(ξ − x)αe−Cn(ξ−x)2 . An easy calculation shows that here the maximum is
attained when ξ − x = C√
n
and the lemma follows.
Lemma 6. For 0 < ξ < 1, α, β > 0, we have
w¯(x)
∑
|k−nξ|6√n
|k − nx|βpn,k(x) 6 Cn(β−α/2)ϕβ(x). (3.8)
Proof. By (3.1) and the lemma 5, we have
w¯(x)
1
2n (w¯(x)
∑
|k−nξ|6√n
pn,k(x))
2n−1
2n (
∑
|k−nξ|6√n
|k − nx|2nβpn,k(x))
1
2n 6 Cn(β−α/2)ϕβ(x).
4 Proof of Theorem 1
4.1 Proof of (2.2)
We first prove x ∈ [0, 1n ] (The same as x ∈ [1− 1n , 1]), now
|w¯(x)B¯(2r)n,r (f, x)| 6 w¯(x)
r−1∑
i=0
ni!
(ni − 2r)!
ni−2r∑
k=0
|Ci(n)−→∆2r1
ni
F¯n(
k
ni
)|pni−2r,k(x)
6 Cw¯(x)
r−1∑
i=0
n2ri
ni−2r∑
k=0
|Ci(n)−→∆2r1
ni
F¯n(
k
ni
)|pni−2r,k(x)
6 Cw¯(x)
r−1∑
i=0
n2ri
ni−2r∑
k=0
2r∑
j=0
Cj2r|Ci(n)F¯n(
k + 2r − j
ni
)|pni−2r,k(x)
6 Cw¯(x)
r−1∑
i=0
n2ri
2r∑
j=0
Cj2r|Ci(n)F¯n(
2r − j
ni
)|pni−2r,0(x)
+Cw¯(x)
r−1∑
i=0
n2ri
2r∑
j=0
Cj2r|Ci(n)F¯n(
ni − j
ni
)|pni−2r,ni−2r(x)
+Cw¯(x)
r−1∑
i=0
n2ri
ni−2r−1∑
k=1
2r∑
j=0
Cj2r|Ci(n)F¯n(
k + 2r − j
ni
)|pni−2r,k(x)
:= H1 +H2 +H3. (4.1)
We have
H1 6 Cw¯(x)
r−1∑
i=0
n2ri (
2r−1∑
j=0
|Ci(n)F¯n(2r − j
ni
)|+ |F¯n(0)|)pni−2r,0(x)
6 Cn2r‖w¯f‖
r−1∑
i=0
2r−1∑
j=0
(
ni|x− ξ|
2r − j − niξ )
α(1− x)ni−2r
6 Cn2r‖w¯f‖
r−1∑
i=0
(ni|x− ξ|)α(1− x)ni−2r
6 Cn2r‖w¯f‖.
Similarly, we can get H2 6 Cn
2r‖w¯f‖ and H3 6 Cn2r‖w¯f‖.
8
When x ∈ [ 1n , 1− 1n ], according to [5], we have
|w¯(x)B¯(2r)n,r (f, x)|
= |w¯(x)B(2r)n,r (F¯n, x)|
= w¯(x)(ϕ2(x))−2r
r−1∑
i=0
2r∑
j=0
|Qj(x, ni)Ci(n)|nji
∑
k/ni∈A
|(x− k
n i
)jF¯n(
k
n i
)|pni,k(x)
+w¯(x)(ϕ2(x))−2r
r−1∑
i=0
2r∑
j=0
|Qj(x, ni)Ci(n)|nji
∑
x′
2
6k/ni6x′3
|(x− k
n i
)jH(
k
n i
)|pni,k(x)
:= σ1 + σ2. (4.2)
Where A := [0, x′2] ∪ [x′3, 1], H is a linear function. If kn i ∈ A, when
w¯(x)
w¯( k
ni
)
6 C(1 + n
−α
2
i |k −
nix|α), we have |k − niξ| >
√
ni
2 , then
Qj(x, ni) = (nix(1 − x))[(2r−j)/2], and (ϕ2(x))−2rQj(x, ni)nji 6 C(ni/ϕ2(x))r+j/2. By (3.8),
then
σ1 6 Cw¯(x)
r−1∑
i=0
2r∑
j=0
|Ci(n)|( ni
ϕ2(x)
)r+j/2
ni∑
k=0
|(x− k
n i
)jF¯n(
k
n i
)|pni,k(x)
6 C‖w¯f‖
r−1∑
i=0
2r∑
j=0
|Ci(n)|( ni
ϕ2(x)
)r+j/2
ni∑
k=0
[1 + n
−α
2
i |k − nix|α]|x−
k
n i
|jpni,k(x)
:= I1 + I2.
By a simple calculation, we have I1 6 Cn
2r‖w¯f‖. By (3.1), then
I2 6 C‖w¯f‖
r−1∑
i=0
2r∑
j=0
|Ci(n)|n−(
α
2
+j)
i (
ni
ϕ2(x)
)j/2
ni∑
k=0
|k − nix|α+jpni,k(x) 6 Cn2r‖w¯f‖.
We note that |H( kn i)| 6 max(|H(x′1)|, |H(x′4)|) := H(a).
If x ∈ [x′1, x′4], we have w¯(x) 6 w¯(a). So, if x ∈ [x′1, x′4], then
σ2 6 Cw¯(a)H(a)n
rϕ−2r(x) 6 Cn2r‖w¯f‖.
If x /∈ [x′1, x′4], then w¯(a) > n
−α
2
i , we have
σ2 6 Cw¯(a)H(a)ϕ
−2r(x)w¯(x)
r−1∑
i=0
Ci(n)n
r+α
2
i
∑
x′
2
6k/ni6x′3
pni,k(x) 6 Cn
2r‖w¯f‖.
It follows from combining the above inequalities (4.1) and (4.2) that the theorem is proved.
4.2 Proof of (2.3)
(1) When f ∈ Cw¯, we discuss it as follows:
Case 1. If 0 6 ϕ(x) 6 1√
n
, by (2.2), we have
|w¯(x)ϕ2rλ(x)B¯(2r)n,r (f, x)| 6 Cn−rλ|w¯(x)B¯(2r)n,r (f, x)| 6 Cnr(2−λ)‖w¯f‖. (4.3)
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Case 2. If ϕ(x) > 1√
n
, we have
|B¯(2r)n,r (f, x)| = |B(2r)n,r (F¯n, x)|
6 (ϕ2(x))−2r
r−1∑
i=0
2r∑
j=0
|Qj(x, ni)Ci(n)|nji
ni∑
k=0
|(x− k
n i
)jF¯n(
k
n i
)|pni,k(x),
Qj(x, ni) = (nix(1− x))[(2r−j)/2], and (ϕ2(x))−2rQj(x, ni)nji 6 C(ni/ϕ2(x))r+j/2. So
|w¯(x)ϕ2rλ(x)B¯(2r)n,r (f, x)|
6 Cw¯(x)ϕ2rλ(x)
r−1∑
i=0
2r∑
j=0
|Ci(n)|( ni
ϕ2(x)
)r+j/2
ni∑
k=0
|(x− k
n i
)jF¯n(
k
n i
)|pni,k(x)
= Cw¯(x)ϕ2rλ(x)
r−1∑
i=0
2r∑
j=0
|Ci(n)|( ni
ϕ2(x)
)r+j/2
∑
k/ni∈A
|(x− k
n i
)jF¯n(
k
n i
)|pni,k(x)
+Cw¯(x)ϕ2rλ(x)
r−1∑
i=0
2r∑
j=0
|Ci(n)|( ni
ϕ2(x)
)r+j/2
∑
x′
2
6k/ni6x′3
|(x− k
n i
)jF¯n(
k
n i
)|pni,k(x)
:= σ1 + σ2. (4.4)
Where A := [0, x′2]∪[x′3, 1]. We can easily get σ1 6 nrϕ2r(λ−1)(x)‖w¯f‖, σ2 6 nrϕ2r(λ−1)(x)‖w¯f‖.
By bringing these facts (4.3) and (4.4) together, the theorem is proved.
(2) When f ∈W 2rw¯ , we have
B(2r)n,r (F¯n, x) =
r−1∑
i=0
Ci(n)n
2r
i
ni−2r∑
k=0
−→
∆2r1
ni
F¯n(
k
n i
)pni−2r,k(x). (4.5)
If 0 < k < ni − 2r, we have
|−→∆2r1
ni
F¯n(
k
n i
)| 6 Cn−2r+1i
∫ 2r
ni
0
|F¯ (2r)n (
k
n i
+ u)|du, (4.6)
If k = 0, we have
|−→∆2r1
ni
F¯n(0)| 6 Cn−r+1i
∫ 2r
ni
0
u2r−1|F¯ (2r)n (u)|du, (4.7)
Similarly
|−→∆2r1
ni
F¯n(
ni − 2r
ni
)| 6 Cn−2r+1i
∫ 1
1− 2r
ni
(1− u)2r−1|F¯ (2r)n (u)|du.
By (4.5) and (4.6), we have
|w¯(x)ϕ2rλ(x)B¯(2r)n,r (f, x)| 6 Cw¯(x)ϕ2rλ(x)
r−1∑
i=0
|Ci(n)|n2ri
ni−2r∑
k=0
|−→∆2r1
ni
F¯n(
k
n i
)|pni−2r,k(x)
= Cw¯(x)ϕ2rλ(x)
r−1∑
i=0
|Ci(n)|n2ri
ni−2r−1∑
k=1
|−→∆2r1
ni
F¯n(
k
n i
)|pni−2r,k(x)
+Cw¯(x)ϕ2rλ(x)
r−1∑
i=0
|Ci(n)|n2ri |
−→
∆2r1
ni
F¯n(0)|pni−2r,0(x)
+Cw¯(x)ϕ2rλ(x)
r−1∑
i=0
|Ci(n)|n2ri |
−→
∆2r1
ni
F¯n(
ni − 2r
ni
)|pni−2r,ni−2r(x)
:= I1 + I2 + I3.
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By (4.6), we have
I1 6 Cw¯(x)ϕ
2rλ(x)
r−1∑
i=0
|Ci(n)|ni
ni−2r−1∑
k=1
∫ 2r
ni
0
|F¯ (2r)n (
k
n i
+ u)|dupni−2r,k(x)
= Cw¯(x)ϕ2rλ(x)
r−1∑
i=0
|Ci(n)|ni
∑
k/ni∈A
∫ 2r
ni
0
|F¯ (2r)n (
k
n i
+ u)|dupni−2r,k(x)
+Cw¯(x)ϕ2rλ(x)
r−1∑
i=0
|Ci(n)|ni
∑
x′
2
6k/ni6x′3
∫ 2r
ni
0
|H(2r)n (
k
n i
+ u)|dupni−2r,k(x)
:= T1 + T2.
Where A := [0, x′2] ∪ [x′3, 1], H is a linear function. If kn i ∈ A, when
w¯(x)
w¯( k
ni
)
6 C(1 + n
−α
2
i |k −
nix|α), we have |k − niξ| >
√
ni
2 , by (3.1) and (3.7), then
T1 6 C‖w¯ϕ2rλF (2r)‖w¯(x)ϕ2rλ(x)
r−1∑
i=0
|Ci(n)|ni
∑
k/ni∈A
∫ 2r
ni
0
w¯−1(
k
ni
+ u)ϕ−2rλ(
k
ni
+ u)dupni−2r,k(x)
6 C‖w¯ϕ2rλF (2r)‖ϕ2rλ(x)
r−1∑
i=0
|Ci(n)|ni
ni∑
k=0
∫ 2r
ni
0
[1 + n
−α
2
i |k − nix|α]ϕ−2rλ(
k
ni
)dupni−2r,k(x)
6 C‖w¯ϕ2rλF¯ (2r)n ‖ 6 C(‖w¯f‖+ ‖w¯ϕ2rλf (2r)‖).
Similarly, we can get T2 6 C(‖w¯f‖ + ‖w¯ϕ2rλf (2r)‖). So I1 6 C(‖w¯f‖ + ‖w¯ϕ2rλf (2r)‖) and
by (4.7), we have
I2 6 Cw¯(x)ϕ
2rλ(x)
r−1∑
i=0
|Ci(n)|n2ri |
−→
∆2r1
ni
F¯n(0)|pni−2r,0(x)
6 Cw¯(x)ϕ2rλ(x)
r−1∑
i=0
|Ci(n)|nr+1i
∫ 2r
ni
0
u2r−1|F¯ (2r)n (u)|dupni−2r,0(x)
6 C‖w¯ϕ2rλF¯ (2r)n ‖
r−1∑
i=0
(nix)
r(1+λ)(1− x)rλ 6 C‖w¯ϕ2rλF¯ (2r)n ‖
6 C(‖w¯f‖+ ‖w¯ϕ2rλf (2r)‖).
Analogously, I3 6 C(‖w¯f‖+ ‖w¯ϕ2rλf (2r)‖), then the theorem is proved.
Corollary 1. If α > 0 and λ = 0, we have
|w¯(x)B¯(2r)n,r (f, x)| 6
{
Cn2r‖w¯f‖, f ∈ Cw¯,
C(‖w¯f‖+ ‖w¯f (2r)‖), f ∈W 2rw¯ .
Corollary 2. If α > 0 and λ = 1, we have
|w¯(x)ϕ2r(x)B¯(2r)n,r (f, x)| 6
{
Cnr‖w¯f‖, f ∈ Cw¯,
C(‖w¯f‖+ ‖w¯ϕ2rf (2r)‖), f ∈W 2rw¯ .
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4.3 Proof of (2.4)
|w¯(x)B¯n,r(f, x)| = |w¯(x)Bn,r(F¯n, x)| 6 w¯(x)
r−1∑
i=0
ni−1∑
k=1
|Ci(n)F¯n( k
ni
)|pni,k(x)
+w¯(x)
r−1∑
i=0
|Ci(n)F¯n(0)|pni,0(x) + w¯(x)
r−1∑
i=0
|Ci(n)F¯n(1)|pni,ni(x)
:= I1 + I2 + I3.
Analogously, the theorem can be proved easily.
4.4. Proof of (2.5)
We assume f ∈W 2rw¯ , then ‖w¯(B¯n,r(f)− F¯n)‖ 6 Cnr (‖w¯f‖+ ‖w¯ϕ2rf (2r)‖).
Recall that [5], then
Bn,r((t− x)j , x) = 0, j = 1, 2, · · · , r, (4.8)
Bn,r((t− x)2r−j , x) = O(n−rϕ2r−2j(x)), x ∈ [ 1
n
, 1− 1
n
], j = 0, 1, 2, · · · , r. (4.9)
Case 1. x ∈ [ 1n , 1− 1n ]. By using Taylor expansion, we have
w¯(x)(F¯n(x)−Bn,r(F¯n, x))
= w¯(x)
2r−1∑
j=1
1
(2r − j)!Bn,r((t− x)
2r−j , x)F¯ (2r−j)n (x)
+w¯(x)Bn,r(
1
(2r − j)!
∫ t
x
(t− u)2r−1F¯ (2r)n (u)du, x)
:= I1 + I2.
By (3.2), (3.7) and (4.9), we have for 1 6 j 6 r, then
w¯(x)ϕ2r−2j(x)
nr
F¯ (2r−j)n (x) 6
C
nr
(‖w¯F¯n‖+ ‖w¯ϕ2rF¯ (2r)n ‖) 6
C
nr
(‖w¯f‖+ ‖w¯ϕ2rf (2r)‖), (4.10)
By (4.8) and (4.10), we have
I1 6 w¯(x)
r−1∑
j=1
1
(2r − j)! |Bn,r((t− x)
2r−j , x)F¯ (2r−j)n (x)| 6
C
nr
(‖w¯f‖+ ‖w¯ϕ2rf (2r)‖).
If u is between t and x, we have |t−u|
2r−1
ϕ2r(u)
6
|t−x|2r−1
ϕ2r(x)
. Then
|w¯(x)Bn,r( 1
(2r − j)!
∫ t
x
(t− u)2r−1F¯ (2r)n (u)du, x)|
6 Cw¯(x)
r−1∑
i=0
ni∑
k=0
|Ci(n)|
∫ k
ni
x
|( k
ni
− u)2r−1F¯ (2r)n (u)|dupni,k(x)
= Cw¯(x)
r−1∑
i=0
ni−1∑
k=1
|Ci(n)|
∫ k
ni
x
|( k
ni
− u)2r−1F¯ (2r)n (u)|dupni,k(x)
+Cw¯(x)
r−1∑
i=0
|Ci(n)|(1− x)ni
∫ x
0
u2r−1|F¯ (2r)n (u)|du
+Cw¯(x)
r−1∑
i=0
|Ci(n)|xni
∫ 1
x
(1− u)2r−1|F¯ (2r)n (u)|du
:= J1 + J2 + J3.
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We have
J1 6 Cw¯(x)ϕ
−2r(x)
r−1∑
i=0
∑
k/ni∈A
|Ci(n)( k
ni
− x)2r−1|
∫ k
ni
x
ϕ2r(v)|F¯ (2r)n (v)|dvpni,k(x)
+Cw¯(x)ϕ−2r(x)
r−1∑
i=0
∑
x′
2
6k/ni6x′3
|Ci(n)( k
ni
− x)2r−1|
∫ k
ni
x
ϕ2r(v)|H(2r)(v)|dvpni,k(x)
:= σ1 + σ2.
Analogously, we can get σ1 6
C
nr (‖w¯f‖ + ‖w¯ϕ2rf (2r)‖). We note that |ϕ2r(v)H(2r)(v)| 6
max(|ϕ2r(x′1)H(2r)(x′1)|, |ϕ2r(x′4)H(2r)(x′4)|) := |ϕ2r(a)H(2r)(a)|, H(2r)(x) is a linear func-
tion.
If x ∈ [x′1, x′4], then w¯(x) 6 w¯(a). So, we have
σ2 6 Cw¯(a)ϕ
2r(a)|H(2r)(a)|ϕ−2r(x)
r−1∑
i=0
ni−1∑
k=1
|Ci(n)|( k
ni
− x)2rpni,k(x)
6
C
nr
(‖w¯f‖+ ‖w¯ϕ2rf (2r)‖),
If x /∈ [x′1, x′4], by w¯(a) > n
−α
2
i , we have
σ2 6 Cw¯(a)ϕ
−2r(a)|H(2r)(a)|
r−1∑
i=0
∑
x′
2
6k/ni6x′3
n
α
2
i |Ci(n)|(
k
ni
− x)2rpni,k(x)
6
C
nr
(‖w¯f‖+ ‖w¯ϕ2rf (2r)‖).
For J2, we have
J2 6 C‖w¯ϕ2rF¯ (2r)n ‖w¯(x)
r−1∑
i=0
|Ci(n)|(1− x)ni
∫ x
0
u2r−1w¯−1(u)ϕ−2r(u)du
6
C
nr
(‖w¯f‖+ ‖w¯ϕ2rf (2r)‖).
Similarly, we have
J3 6
C
nr
(‖w¯f‖+ ‖w¯ϕ2rf (2r)‖).
By bringing these facts together, we have
‖w¯(B¯n,r(f)− F¯n)‖ 6 C
nr
(‖w¯f‖+ ‖w¯ϕ2rf (2r)‖).
Case 2. x ∈ [0, 1n ] (Similarly as x ∈ [1− 1n , 1]). By using Taylor expansion, we have
w¯(x)|Bn,r(F¯n, x)− F¯n(x)| 6 w¯(x)
r!
r−1∑
i=0
|Ci(n)|Bni(
∫ t
x
|(t− u)rF¯ (r+1)n (u)|du, x)
+
w¯(x)
r!
r−1∑
i=0
|Ci(n)|(1− x)ni
∫ x
0
u2r−1|F¯ (r+1)n (u)|du
:= J1 + J2.
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J1 6 Cw¯(x)
r−1∑
i=0
ni∑
k=0
∫ k
ni
x
|Ci(n)( k
ni
− u)rF¯ (r+1)n (u)|dupni,k(x)
:= Cw¯(x)
r−1∑
i=0
ni−1∑
k=1
∫ k
ni
x
|Ci(n)( k
ni
− u)rF¯ (r+1)n (u)|dupni,k(x)
+Cw¯(x)
r−1∑
i=0
|Ci(n)|xni
∫ 1
x
(1− u)r|F¯ (r+1)n (u)|du
+Cw¯(x)
r−1∑
i=0
|Ci(n)|(1− x)ni
∫ x
0
ur|F¯ (r+1)n (u)|du
:= I1 + I2 + I3.
Analogously, we can get
I1 6
C
nr
(‖w¯f‖+ ‖w¯ϕ2rf (2r)‖),
I2 6
C
nr
(‖w¯f‖+ ‖w¯ϕ2rf (2r)‖),
I3 6
C
nr
(‖w¯f‖+ ‖w¯ϕ2rf (2r)‖).
J1 6
C
nr
(‖w¯f‖+ ‖w¯ϕ2rf (2r)‖),
J2 6
C
nr
(‖w¯f‖+ ‖w¯ϕ2rf (2r)‖).
(4.11)
So, we have
‖w¯(B¯n,r(f)− F¯n)‖ 6 C
nr
(‖w¯f‖+ ‖w¯ϕ2rf (2r)‖).
Then
‖w¯(B¯n,r(f)− f)‖ 6 ‖w¯(f − F¯n(f))‖+ ‖w¯(F¯n(f)− B¯n,r(f))‖
6
C
nr
(‖w¯f‖+ ‖w¯ϕ2rf (2r)‖).
If f ∈ Cw¯, there exists g ∈W 2rw¯ , by (2.4) and the first inequality of (2.5), we have
‖w¯(B¯n,r(f)− f)‖ 6 ‖w¯(f − g)‖ + ‖w¯B¯n,r(f − g)‖ + ‖w¯(g − B¯n,r(g))‖
6 C(‖w¯(f − g)‖ + 1
nr
(‖w¯g‖+ ‖w¯ϕ2rg(2r)‖))
6 C(ω2rϕ (f, n
−1/2)w¯ + n−r‖w¯f‖).
4.5. Proof of (2.6)
From the proof of (2.5), we actually have
‖w¯(B¯n,r(f)− f)‖ 6 CK2r,ϕ(f, tr)w¯.
Therefore, K2r,ϕ(f, n
−r)w¯ = O(tα) implies
‖w¯(B¯n,r(f)− f)‖ 6 (n−α/2).
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By (2.3) and (2.4), we may choose g properly such that ‖w¯ϕ2rg(2r)‖ <∞ and
ω2rϕ (f, n
−1/2)w¯ +
‖w¯f‖
nr
6 ‖w¯(B¯n,r(f)− f)‖+ 1
nr
(‖w¯ϕ2rB¯(2r)n,r (f − g)‖
+‖w¯ϕ2rB¯(2r)n,r (g)‖) +
‖w¯f‖
nr
6 ‖w¯(f − B¯n,r(f))‖+ ‖w¯f‖
nr
+ C(
k
n
)r(‖w¯(f − g)‖
+k−r‖w¯ϕ2rg(2r)‖+ k−r‖w¯f‖)
6 ‖w¯(f − B¯n,r(f))‖+ C(k
n
)r(ω2rϕ (f, k
−1/2)w¯
+k−r‖w¯f‖).
Hence, by [5], we obtain the converse inequality.
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